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A new recursive branch-and-bound algorithm is presented for solving the guadratic discrete optimization problem, which is
related physically to that of finding the exact ground state of a finite Ising spin-glass model. Computational results are reported

for systems with dimensions up to n = 60,

1. Introduction

If antiferromagnetic couplings are present, the
ground state of an Ising system is known only for
a few ordered and homogeneous models. In gen-
eral, the problem of finding the exact ground state
of an Ising spin glass is not trivial. It can be
formulated as the problem of nonlinear discrete
optimization: Determine x* € R” such that

min x"Cx+p'x =x*TCx* + p'x*, (1)
x=—1wv1
Without loss of generality we assume that C is an
upper triangular matrix with vanishing diagonal
elements.

The coefficients ¢;; of the matrix C are the
constants of the interaction between the ith and
Jjth spins and should be not restricted in respect to
strengths and signs. The components of the vector
p represent and additional (local) field. The case of
a unique external field is included, if all compo-
nents of p have the same value. The component x*
of the vector x* represents the ith spin in the
ground-state configuration. Consequently, the
right-hand side of (1) yields the ground-state en-
ergy of an Ising system consisting of n spins. In
the following the dimension of the problem is
denoted by n.

For the case that the nonvanishing coupling
constants can be represented asedges of a planar
graph and for zero field, (this concerns a special
class of problems with the spatial dimension D = 2;
p =10), algorithms are known for (1) with poly-
nomial complexity [1,2]. Barahona [3] has shown
that, in general, problems with D=2 and p # 0 as
well as those with D =3 belong to the NP-hard
class, where the NP-hardness of a problem sug-
gests that the existence of a polynomial algorithm
is very unlikely.

In section 2 an algorithm is proposed based on
the branch and bound enumeration method in
continuation of ref [4]. It allows one to consider
finite Ising systems (x,€ {—1,1}; 1<i<n) and
to calculate the exact ground-state energy and
configuration without restrictions on the constants
¢;;» the field components p, and the spatial dimen-
sion D.

Similarities to the quadratic knapsack problem
should be mentioned, for which solutions based on
a branch-and-bound scheme are discussed in ref.
[5]. There the calculation of the bounds is in-
fluenced by a linear restriction of the knapsack
problem which is absent in (1). Our results con-
cerning the computational experience in respect to
dimension n and running time (section 3) are
comparable with those given in ref. [5]. In section
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4 the applications of the algorithm to physical
problems are briefly discussed.

2. The branch-and-bound algorithm

The algorithm is based on the branch-and-
bound method. The problem with dimension » is
branched into subproblems with lower dimensions.
The sequence of the branchings is determined by a
special branching strategy. We use the back track
for saving computer storage. The principle of back
track is shown in fig. 2 of ref. [4] for an example
corresponding to (1) with n = 5.

At every branch point two alternative subprob-
lems arise. It is possible to decide with the help of
the value from the best known admissible config-
uration and lower bounds, whether the alternatives
can be cancelled or not. The bounds are obtained
by a recursive strategy using the information from
the preceding calculation. :

By this procedure the bounds are better esti-
mated than in ref. [4].

Let us look at a branch with x, = —1 or 1:

f(x)=x"Cx+p"™x —
- ff(x)=xX"Cx+p'x+c'x+p,,

:‘-A‘I-.-1

- ]f"(?c) =X'Cx+p'x—c'x—p,.

Then f(x) leads to two energy functions f*(x¥) and
f7(X). C and p are the corresponding parts of the
matrix C and the vector p belonging to the sub-
problem of dimension n — 1.

According to fig. 1, the vector p and the compo-
nent p, are parts of p, and c¢ is a part of the last
column of C.

Two types of recursive strategy are used. The -

Fig. 1. The matrix C, the vector p and the number p, are parts
of the corresponding (# — 1)-dimensional subproblems.

first strategy (S1) presumes the knowledge of the
minimal value £* | of the (n — 1)-dimensional sub-
problem

-

% s fhHin BIOR: (2)
X=—1V1

For calculation of the bounds

F(X):’ n 1+ mll'l. (p

- 1w

f(X)=f*,+ min (p-8)'%-p,

X==1¥v1

are used and the terms of the right-hand side are
computed by

n—1

min a'x=— Y, |a@]l
X=—1V1 =1
where @ means ( p + ¢) or ( p — ¢). The calculation
of the bounds in the next lower dimension n — 1
demands the knowledge of the minimal value f* ,
of a (n — 2)-dimensional subproblem, which comes
from (2) by cancellation the last row and column
of C. The bounds in the lower dimensions n — 2,
n— 3,... are calculated analogously. The values
55 55, f,F are obtained because the subprob-
lems are solved with increasing dimension. That
means, in every dimension the branch and bound
has to be started with the knowledge of the opti-
mal values of the steps before.

The second recursive strategy (S2) uses the
minimal value m™ of the left branch f*(¥) to get a
bound of the right branch f~(x) and m ™~ reversed

f(x)=

m*—2 min &x+2p,,

X;==1w1
ff(X)=m +2 _m_l?v]c Tz +2p,.

For decision to cancel one of the two branches
even without the knowledge of m™ or m~ we
derive a special rule. We define

d(x)=2cx+p,.
That implies

fH(%)<f (%) =d(%)
fH(Z)=f(x)=d(x)

<0,
>0

L)
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and we get the decisions

max d(X)<0=f"(%)<f (%),

%=—1v1

_min d(X)>20=f"(Z)>f (%),

x,=—1v1

where

n—1
) max d(f) e Z |E¢| +Pn!
Em—1vi i=1

n—1

_ mn d(f)= 4 E lc;| + p,
)Cr-= —-1v1 l:"'l
1s calculated. However, a decision to cancel one of
the two branches can be reached if and only if

n—1

2 gl <|pal.

i=1

If this inequality is false, the problem has to be
branched.

3. Structure of the program and computational
results

The algorithm described above is realized in
FORTRAN 1IV. The recursions are programmed
as iterations. Fig. 2 shows the structure of the
subprograms used:

A calculation of energy and configurations
— of the ground state and
— of all states whose energy is lower than a
given bound;
B branch-and-bound algorithm to solve a prob-
lem of the dimension i (1 <i<n);
C heuristic fixation of the spin k (k=1i,...,1) and

Fig. 2. Structure of the used subprograms.

cancellation is made according to the first and
second strategy;

D examination of the alternative problems,
cancellation is made according to the first
strategy;

E exchange of the best value of energy and the
corresponding configuration that has just been
found;

F calculation of the actual parameters according
to the branch

To save storage and running time the matrix C of
problem (1) was transformed into vectors. It is
obvious that this kind of input is convenient for
problems with short-range interactions. Thus, the
iterations can be calculated with linear cost,
whereas the cost is quadratic for such cases, where
the matrix C is fully-occupied. Furthermore, it is
reasonable to order the rows and columns of the
matrix corresponding to the sums of rows or col-
umns, if there are many zero elements in C.

Five systems with D=2, n =30 for different
vectors p were calculated on a BESM-6 computer.
They represent amorphous short-range antiferro-
magnetic models in an increasing external field A
[6]. The systems are random packings of hard discs
(diameter d) in a quadratic box with periodic
boundary conditions, computer-built by Finney’s
algorithm [7]). The packing density is 0.68. The
magnetic interaction constants c;, between the ith
and jth spins are assumed to be functions of the
distance 7, :
¢ =136 - r}j,{d)/ﬂ.Bﬁ for 1<r,/d<1.36 and
¢;; = 0 otherwise.

The computational results for one representa-
tive example are given in table 1. The cost is
shown by the iteration number and running time.
Both types of strategy S1 and S2 were used for
calculating the bounds, where the decision S2 was
questioned before S1. Therefore we cannot decide
which of them is better. Our results justify both of
them. The following symbols mean:

IS1 number of canceled iterations in-S1,

IS2 number of premature breaking-off by S2,

BS1 number of canceled subproblems during
back-track by S1.

An increase of running time in a “critical” field
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Table 1
The influence of the linear part p, = h (1< i < n = 30) on the running time at fixed matrix C

h Iterations Time IS1 IS2 BS1
2E¢,; /n (s)
0.000 2825 56 2823 4717 2362
0.272 8361 145 8359 10443 8891
0.545 19065 250 19062 23120 18492
0.871 22474 343 22406 26450 29744
1.090 21102 343 20709 29433 26 809
1.362 12348 224 12016 21608 10009
1.635 4994 128 4508 9895 2770
1.907 1322 23 488 2659 334
2.180 134 4 12 232 18
Table 2

The expense for some subproblems of an example with »n = 60. The total time was 450 s. The last row shows the expense for the

calculation of the 214 lowest states

n Iterations Time IS1 152 BS1
(s)
10 3 0 2 1 8
15 3 0 1 6 3
20 82 1 81 62 63
25 103 1 102 46 15
30 390 3 387 208 180
35 833 6 832 574 465
40 268 2 288 163 120
45 181 2 150 124 91
50 424 4 423 340 374
55 201 2 200 148 175
48 181 9 1077 936 593
53 2181 18 2176 1502 1090
56 444 4 443 318 273
57 3290 30 3286 2167 1794
58 12028 110 12025 6916 9587
59 11110 101 11106 5874 7844
60 8888 82 8887 7220 5174
region near nh/2¥c,; =1 is caused by the simulta-
T neous influence of the quadratic and the linear

The expense for the calculation of all configurations below a

given upper bound; n = 30

h Number of Time
2¢;,/n states (s)
0.545 600 1188
2.044 46 981
2.452 2187 184

parts of (1). It indicates that many configurations
are situated near the optimal solution. In cases
where the linear part of (1) (zero external field) is
omitted, problems up to n=70 are solved. An
example with D=2, n= 60 (physically equivalent
to the above mentioned one) is considered. Before
carrying out any calculations the succession of
rows and columns of the matrix was chosen in
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Fig. 3. Number of states in the low-energy region vs. energy f(x); n =30, nh /2L, ;= 245,

such a way, that nonvanishing elements are situated
as much as possible near the diagonal. Using
strategy S1 the solutions of all subproblems n =1
to 59 are obtained in addition to the optimal
solution for » = 60 (table 2). Alternations in the
structure of configurations near the optimal solu-
tion occurring sometimes from step # to n+ 1 are
reflected in an exceptional increase of cost (see
n =48 and 53).

An advantage of the algorithm is that it allows
one to calculate all energies and configurations
x € {x|x,= —1V 1} belonging to the energy in-
terval between the optimal solution and a given
upper bound. The width of this energy region is
restricted by the running time. Results for n = 30,
p # 0 are given in table 3, where the second col-
umn contains the number of configurations lying
below the upper bound. The histogram in fig. 3
represents the exact number of states in the low-
energy region for n = 30, nh/2%¢,, = 2.45.

4. Concluding remarks

A new algorithm for quadratic discrete optimi-
zation is presented based on a recursive branch-

and-bound method. The physical applications are
universal and concern all questions which are re-
lated to the exact ground state, the exact low-lying
states and low-temperature thermodynamics of
finite Ising systems with (possibly inhomogeneous)
and without external fields. No restrictions are
made on

(1) strengths, signs and range of interactions,
(ii) spatial dimensions and
(iii) boundary conditions.

Results for two-dimensional amorphous hard-discs
systems with short-range antiferromagnetic inter-
actions up to n =60 are investigated in ref. [8]
using periodic boundary conditions. The influence
of an external field on equivalent systems up to
n = 30 are discussed in ref. [6].

The Ising systems are widely used as simple
models responsible for various problems in physics,
biophysics and other fields. Especially, the grow-
ing interest in exact ground-state calculations for
spin-glass-like systems makes the algorithm suita-
ble to investigate further relevant questions. More-
over, extensions are obvious, e.g. to Ising systems
with higher spin values (§>1/2) or to systems
with additional constraints like Xx; = const.
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